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Abstract
We derive asymptotic behaviors of the Nambu-Bethe-Salpeter (NBS) wave function at large
space separations for systems with more than 2 particles in quantum field theories. To deal with
n-particles in the center of mass flame coherently, we introduce the Jacob coordinates of n particles
and then combine their 3(n − 1) coordinates into the one spherical coordinate in D = 3(n − 1)
dimensions. We parametrize on-shell T -matrix for n-particle system of scalar fields at low energy,
using the unitarity constraint of the S-matrix. We then express asymptotic behaviors of the NBS
wave function for n particles at low energy, in terms of parameters of T -matrix, and show that
the NBS wave function carry the information of T -matrix such as phase shifts and mixing angles
of the n-particle system in its own asymptotic behavior, so that the NBS wave function can be
considered as the scattering wave of n-particles in quantum mechanics. This property is one of the
essential ingredients of the HAL QCD scheme to define ”potential” from the NBS wave function
in quantum field theories such as QCD. Our results, together with an extension to systems with
spin 1/2 particles, justify the HAL QCD’s definition of potentials for 3 or more nucleons(baryons)
in terms the NBS wave functions.
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I. INTRODUCTION
To understand hadronic interactions such as nuclear forces from the fundamental theory,
Quantum Chromodynamics (QCD), non-perturbative methods such as the lattice QCD
combined with numerical simulations are required, since the running coupling constant in
QCD becomes large at hadronic scale. Conventionally the finite size method[1] has been
employed to extract the scattering phase shift in lattice QCD, but the method is so far
limited to two-particle systems below the inelastic threshold, except a few extensions[2–5].
Recently an alternative method has been proposed and employed to extract the potential
between nucleons below inelastic thresholds[6–8]. This method has been extended, in order
to investigate other more general hadronic interactions such as baryon-baryon interactions[9–
13] and meson-baryon interactions[14–16]. See Refs. [17, 18] for reviews of recent activities.
In the method, called the HAL QCD method, a potential between hadrons is defined in
quantum field theories such as QCD, through the equal-time Nambu-Bethe-Salpeter (NBS)
wave function[19] in the center of mass system, which is defined for two nucleons as
ΨW (x) = 〈0|T {N(r, 0)N(r + x, 0)} |NN,W 〉in (1)
where 〈0| = out〈0| = in〈0| is the QCD vacuum (bra-)state, |NN,W 〉in is the two-nucleon
asymptotic in-state at the total energy W = 2
√
k2 +m2N with the nucleon mass mN and
the relative momentum k, T represents the time-ordered product, and N(x) with x = (x, t)
is the nucleon operator. As the distance between two nucleon operators, x = |x|, becomes
large, the NBS wave function satisfies the free Schro¨dingier equation,
(EW −H0)ΨW (x) ≃ 0, EW = k
2
2µ
, H0 =
−∇2
2µ
(2)
where µ = mN/2 is the reduced mass. In addition, the asymptotic behavior of the NBS wave
function is described in terms of the phase δ determined by the unitarity of the S-matrix,
S = e2iδ, in QCD (or the corresponding quantum field theory). This has been shown for the
elastic pipi scattering [20, 21], where the partial wave of NBS wave function for the orbital
angular momentum L becomes
ΨLW ≃ AL
sin(kx− Lpi/2 + δL(W ))
kx
(3)
as x→∞ at W ≤ Wth = 4mpi (the lowest inelastic threshold). The asymptotic behavior of
the NBS wave function for the elastic NN scattering has been derived in Ref. [22].
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The HAL QCD method has also been applied to investigate three nucleon forces(3NF)[23,
24], even though asymptotic behaviors of NBS wave function for three nucleons have not
been derived yet. The 3NF is necessary to explain the experimental binding energies of light
nuclei [25, 26] and high precision deuteron-proton elastic scattering data at intermediate
energies [27]. It may also play an important role for various phenomena in nuclear physics
and astrophysics [28–31].
The purpose of this paper is to derive asymptotic behaviors of NBS wave functions for
n particles with n ≥ 3 at large distances where separations among n operators become all
large. To avoid complications due to non-zero spins of particles, we consider scalar fields in
this paper. The results of this paper, together with an extension to spin 1/2 particles, fills
the logical gap in the derivation of 3NF by the HAL QCD method[23, 24].
In Sec. II, we explain our notations and definitions such as the modfied Jacobi coordinate,
the Lippmann-Schwinger equation, and the NBS wave function for n scalar particles. In
Sec. III we parametrize on-shell T -matrix for n particles, by solving the unitarity constraint
of S-matrix. For explicit calculations for n-particle systems, we introduce the spherical
coordinates in D = 3(n− 1) dimensions, which is equal to a number of degrees of freedom
for n particle in 3-dimensions in the center of mass flame, together with non-relativistic
approximations. In Sec. IV, using these techniques and results obtained in Sec. III, we
derive asymptotic behaviors of NBS wave functions for n-particles, in terms of phase shifts
and mixing angles of the n-particle scattering. Conclusions and discussions are given in
Sec. V. Some technical details are collected in three appendices.
II. SOME DEFINITIONS AND NOTATIONS
In this paper, to avoid complications arising from nucleon spins, we consider an n-scalar
particle system which have the same mass m in the center of mass frame, whose coordinates
and momenta are denoted by xi, pi (i = 1, 2, · · · , n ) with
n∑
i=1
pi = 0. We introduce modified
Jacobi coordinates and corresponding momenta as
rk =
√
k
k + 1
× rJk , qk =
√
k + 1
k
× qJk (4)
where the standard Jacobi coordinates and momenta are given by
rJk =
1
k
k∑
i=1
xi − xk+1, qJk =
k
k + 1
(
1
k
k∑
i=1
pi − pk+1
)
, (5)
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for k = 1, 2, · · · , n− 1. It is easy to see
n∑
i=1
pi · xi =
n−1∑
i=1
qi · ri, E =
1
2m
n∑
i=1
p2i =
1
2m
n−1∑
i=1
q2i . (6)
The integration measure for modified Jacobi momenta is given by
n∏
i=1
d3pi δ
(3)
(
n∑
i=1
pi
)
=
1
n3/2
n−1∏
i=1
d3qi. (7)
A. Lippmann-Schwinger equation
As mentioned in the introduction, the asymptotic behavior of the NBS wave functions
for a two-particle system has already been derived in Refs. [8, 20–22]. It is not straightfor-
ward, however, to extend their derivations to multi-particle systems. Instead, we utilize the
Lippmann-Schwinger equation[32],
|α〉in = |α〉0 +
∫
dβ
|β〉0Tβα
Eα − Eβ + iε , Tβα = 0〈β|V |α〉in, (8)
which is found to be a powerful tool to study multi-particle systems. We assume in this
paper that no bound state appears in two or more particle systems. Here the asymptotic
in-state |α〉in satisfies
(H0 + V )|α〉in = Eα|α〉in, (9)
whereas the non-interacting state |α〉0 satisfies
H0|α〉0 = Eα|α〉0. (10)
The off-shell T -matrix element or the ”potential” Tβα = 0〈β|V |α〉in is related to the on-shell
S-matrix element as
Sβα ≡ out〈β|α〉in ≡ 0〈β|S|α〉0 = δ(β − α)− 2piiδ(Eα − Eβ)Tβα. (11)
If we define S = 1− iT , we obtain
0〈β|T |α〉0 = 2piδ(Eα −Eβ)Tβα. (12)
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B. NBS wave functions
The equal-time Nambu-Bethe-Salpeter(NBS) wave function for n scalar particles is de-
fined by
Ψnα([x]) = in〈0|ϕn([x], 0)|α〉in, (13)
where
ϕn([x], t) = T{
n∏
i=1
ϕi(xi, t)}, (14)
with the time-ordered product T , [x] = x1,x2, · · · ,xn, and i represents a ”flavor” of scalar
field. For simplicity, we regard all n scalar particles are different but have the same mass m.
From the Lippmann-Schwinger equation (8), the vacuum instate is given by
|0〉in = |0〉0 +
∫
dγ
|γ〉0Tγ0
E0 −Eγ + iε . (15)
As shown in Appemdix A, however, the contribution from the second term to the NBS wave
function at large distances amounts to
in〈0|ϕn([x], 0)|α〉0 ≃ 1
Zα
0〈0|ϕn([x], 0)|α〉0, (16)
where Zα is the normalization factor whose deviation from the unity comes from the off-shell
T -matrix Tγ0. Using this and the Lippmann-Schwinger equation (8), the NBS wave function
can be written as
Ψnα([x]) =
1
Zα
0〈0|ϕn([x], 0)|α〉0 +
∫
dβ
1
Zβ
0〈0|ϕn([x], 0)|β〉0Tβα
Eα − Eβ + iε . (17)
To evaluate the above expression explicitly, we quantize all complex scalar fields in the
Heisenberg representation at t = 0 as
ϕi(x, 0) =
∫
d3k√
(2pi)32Eki
{
ai(k)e
ik·x + b†i (k)e
−ik·x
}
(18)
|α〉0 ≡ |[k]n〉0 =
n∏
i=1
a†i (ki)|0〉0, Eki =
√
k2i +m
2, (19)
where [k]n = k1,k2, · · · ,kn with ∑ni=1 ki = 0, and the full time evolution is given by
ϕn([x], t) = eiHtϕn([x], 0)e−iHt while H → H0 for the free field. Our state normalization is
given by
0〈βm|αn〉0 = δ(βm − αn). (20)
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Using the above, for the n particle system in the center of mass frame, we have
0〈0|ϕn([x], 0)|[k]n〉0 =

 1√
(2pi)3

n n∏
i=1
1√
2Eki
eiki·xi
=

 1√
(2pi)3

n

 n∏
i=1
1√
2Eki

 exp

i n−1∑
j=1
qj · rj

 , (21)
where rj and qj are modified Jacobi coordinates and momenta, respectively.
III. UNITARITY OF S-MATRIX AND PARAMETRIZATION OF T -MATRIX
The unitarity of S-matrix implies
T † − T = iT †T. (22)
Defining
0〈[pA]n|T |[pB]n〉0 ≡ δ(EA − EB)δ(3)(P A −P B)T ([qA]n, [qB]n) (23)
where [pX ]n = p
X
1 ,p
X
2 , · · · ,pXn , [qX ]n = qX1 , qX2 , · · · , qXn−1 with X = A,B, and
EA ≡
n∑
i=1
EpA
i
, EB ≡
n∑
i=1
EpB
i
, PA ≡
n∑
i=1
pAi, P
B ≡
n∑
i=1
pBi. (24)
Here we parametrize the T -matrix element in terms of modified Jacobi momenta [qA] and
[qB]. Note that Tβα, appeared in Lippmann-Schwinger equation, is expressed as
Tβα =
1
2pi
δ(3)(P A −P B)T ([qA]n, [qB]n). (25)
Using the above expression, the unitarity constraint to T -matrix can be written as
T †([qA]n, [q
B]n) − T ([qA]n, [qB]n) = i
n3/2
∫ n−1∏
i=1
d3qCi δ(E
A − EC)
× T †([qA]n, [qC ]n)T ([qC ]n, [qB]n). (26)
Our task is to solve this constraint.
A. n = 2
Let me consider the simplest case, n = 2. In this case, we can parametrize T -matrix, in
terms of the spherical harmonic functions Ylm as follows.
T (qA, qB) =
∑
l,m
Tl(q
A, qB)Ylm(ΩqA)Ylm(ΩqB) (27)
7
where qA,B = |qA,B| and Ωq is the solid angle of the vector q. Using orthogonal property of
Ylm, the constraint becomes
Tl(q, q)− Tl(q, q) = i
23/2
∫
(qC)2dqC δ(E −EC)Tl(q, qC)Tl(qC , q) (28)
where q = qA = qB, E = EA = EB = 2
√
m2 + q2/2 and EC = 2
√
m2 + (qC)2/2. After qC
integral, the constraint now becomes
Tl(q, q)− Tl(q, q) = i qE
2× 23/2Tl(q, q)Tl(q, q), (29)
which can be solved as
Tl(q) ≡ Tl(q, q) = −4× 2
3/2
qE
eiδl(E) sin δl(E), (30)
where δl(q) is the phase shift for the partial wave with the angular momentum l at energy
E = 2
√
m2 + q2/2.
B. General n
For general n case, we introduce the non-relativistic approximation for the energy in the
delta-function as
EA − EC ≃ (p
A)2 − (pC)2
2m
=
(qA)2 − (qC)2
2m
(31)
where (qA,C)2 =
∑n−1
i=1 (q
A,C
i )
2 for modified Jacobi momenta [qA,C ]n. To perform 3 dimen-
sional momentum integral (n − 1) times, we consider D = 3(n − 1) dimensional space.
Denoting s = |s| is a D-dimensional hyper-radius and Ωs are angular variables for the
vector s in D dimensions, the Laplacian operator is decomposed as
∇2 = ∂
2
∂s2
+
D − 1
s
∂
∂s
− Lˆ
2
s2
(32)
where Lˆ2 is angular-momentum in D-dimensions. The hyper-spherical harmonic
function[33], an extension of spherical harmonic function in 3-dimension to general D-
dimensions satisfies
Lˆ2Y[L](Ωs) = L(L+D − 2)Y[L](Ωs) (33)
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where [L] = L,M1,M2, · · · are a set of ”quantum” numbers specifying the hyper-spherical
harmonic function. The hyper-spherical harmonic function is orthogonal such that∫
dΩs Y[L](Ωs)Y[L′](Ωs) = δ[L][L′] (34)
and complete
∑
[L]
Y[L](Ωs)Y[L](Ωt)δ(s− t) = sD−1δ(D)(s− t), (35)
so that an arbitrary function f(s) of s ∈ RD can be expanded as
f(s) =
∑
[L]
f[L](s)Y[L](Ωs). (36)
Using the hyper spherical function, we expand the T -matrix as
T ([qA]n, [q
B]n) ≡ T (QA,QB)
=
∑
[L],[K]
T[L][K](QA, QB)Y[L](ΩQA)Y[K](ΩQB) (37)
where QX = (q
X
1, q
X
2, · · · , qXn−1) for X = A,B is a momentum vector in D = 3(n − 1)
dimensions. 1
With the non-relativistic approximation and orthogonal property, the unitarity relation
eq. (26) after ΩQC integration leads to
T †[L][K](QA, QA)− T[L][K](QA, QA) =
i
n3/2
∫
QD−1dQ δ(EA − E) T †[L][N ](QA, Q)T[N ][K](Q,QA)
= i
m(QA)
D−2
n3/2
∑
[N ]
T †[L][N ](QA, QA)T[N ][K](QA, QA) (38)
where QA = QB is used. By diagonalizing T with an unitary matrix U as
T[L][K](Q,Q) =
∑
[N ]
U[L][N ](Q)T[N ](Q)U
†
[N ][K](Q), (39)
the above constraint can be solved as
T[L](Q) = − 2n
3/2
mQ3n−5
eiδ[L](Q) sin δ[L](Q), (40)
1 For n ≥ 3, the T -matrix can have singularities at particular on-shell values of external momenta[34–
36], which are expressed in terms of delta functions and principles values with the iε prescription for
propagators. Even for such cases, however, our expansion of T -matrix in eq. (37) is still valid in the sense
of distributions, and these singularities originate from a sum over infinite terms[37]. We would like to
thank Prof. S. R. Sharpe and Dr. M. T. Hansen for pointing out this problem and relevant references.
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where δ[L](Q) is a real phase, which depends on Q and [L] in D = 3(n − 1) dimensions.
This is a main result of this section. Unfortunately, a relation of the phase shifts in the
hyper-spherical coordinates with physical observables for n-particles in the standard Jacobi
coordinates is not transparent. Therefore it will be an important task in the future to make
the relation between them clear.
At n = 2, we have
T[L](Q) = −2× 2
3/2
mQ
eiδ[L](Q) sin δ[L](Q), (41)
which agrees with eq. (30) under the non-relativistic approximation that E ≃ 2m, together
with the replacement that Q→ q and [L]→ l and U → 1.
IV. ASYMPTOTIC BEHAVIORS OF NBS WAVE FUNCTIONS FOR n PARTI-
CLES
In this section, we derive the asymptotic behaviors of NBS wave functions for multi-
particle systems, using expressions (17)
Ψnα([x]) =
1
Zα
0〈0|ϕn([x], 0)|α〉0 +
∫
dβ
1
Zβ
0〈0|ϕn([x], 0)|β〉0Tβα
Eα −Eβ + iε (42)
and (21)
0〈0|ϕn([x], 0)|[k]n〉0 =

 1√
(2pi)3

n

 n∏
i=1
1√
2Eki

 exp

i n−1∑
j=1
qj · rj

 . (43)
A. n = 2
As an exercise, let us first consider the n = 2 case, whose result is already known. Using
r = (x2 − x1)/
√
2, p1 = −p2 = q/
√
2 and Eq =
√
m2 + q2/2, the NBS wave function at
n = 2 is given by
Ψ2q(r) =
1
2EqZq
[
eiq·r
(2pi)3
+
∫
d3k
23/2(2pi)3
ZqEq
ZkEk
eik·r T (k, q)
4pi(Eq −Ek + iε)
]
, (44)
where k is also the modified Jacobi momentum. Using expansions that
eiq·r = 4pi
∑
lm
iljl(qr)Ylm(Ωr) Ylm(Ωq) (45)
Ψ2q(r) =
∑
lm
ilΨ2l (r, q)Ylm(Ωr) Ylm(Ωq), (46)
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where jl(x) is the spherical Bessel function of the first kind, together with eq. (27), and
integrating over Ωk, we obtain
Ψ2l (r, q) =
4pi
(2pi)32EqZq
[
jl(qr) +
∫ ∞
0
k2dk
2pi23/2
ZqEq
ZkEk
jl(kr)Tl(k, q)
2(Eq − Ek + iε)
]
. (47)
Since Eq is below inelastic thresholds, we assume that Tl(q, k) does not have any poles in
the positive real axis. Under this assumption, we perform the k integral using the formula∫ ∞
0
k2dk
jl(kr)
q2 − k2 + iεFl(k) ≃ −
piq2
2q
Fl(q)[nl(qr) + ijl(qr)] (48)
for r ≫ 1[8, 21], where Fl(k) does not have any poles in the positive real axis and satisfies∫
k−lj0(kr)Fl(k)k
2dk ≃ 0, which follows from (∇2 + q2)Ψ2q(r) ≃ 0, for large r[8], and nl(x)
is the spherical Bessel function of the second kind. After the k integral using this formula,
the second term in eq. (47) becomes
− [nl(qr) + ijl(qr)] qEq
2× 23/2Tl(q, q) = [nl(qr) + ijl(qr)] e
iδl(q) sin δl(q), (49)
where the unitarity constraint (30) for Tl(q, q) is used to obtain the last equality. We then
obtain
Ψ2l (r, q) =
4pi
(2pi)32EqZq
eiδl(q) [jl(qr) cos δl(q) + nl(qr) sin δl(q)] (50)
≃ 4pi
(2pi)32EqZq
eiδl(q)
qr
sin(qr − lpi/2 + δl(q)) (51)
for r ≫ 1, where asymptotic behaviors that jl(x) ≃ sin(x − lpi/2)/x and nl(x) ≃ cos(x −
lpi/2)/x are used. The phase of the S-matrix, δl(q), can be interpreted as the scattering
phase shift of the NBS wave function for the n = 2 case.
B. General n
The NBS wave function for general n is expressed as
Ψn(R,QA) = C(QA)
[
eiQA·R +
n−3/2
2pi
∫
dDQ
C(Q)
C(QA)
eiQ·R
EQA − EQ + iε
T (Q,QA)
]
(52)
where R = (r1, r2, · · · , rn−1) and Q(A) = (q1, q2, · · · , qn−1)(A) are the modified Jacobi coor-
dinates and momenta in D = 3(n− 1) dimensions,
C(QA) =
1
Z(QA)
n∏
j=1
1√
(2pi)32EpA
j
, (53)
11
with p
(A)
j is the momentum of the j-th particle. In the non-relaivistic limit that
C(QA) → C(QA) =
1 + c
Q2A
m
((2pi)32m)n/2
,
C(Q)
C(QA)
→ C(Q)
C(QA)
, (EQA −EQ)→
Q2A −Q2
2m
(54)
with some constant c, we have
Ψn(R,QA) = C(QA)
[
eiQA·R +
2m
2pin3/2
∫
dDQ
C(Q)
C(QA)
eiQ·R
Q2A −Q2 + iε
T (Q,QA)
]
. (55)
In D-dimensions, we have[33]
eiQ·R = (D − 2)!! 2pi
D/2
Γ(D/2)
∑
[L]
iL jDL (QR) Y[L](ΩR) Y[L](ΩQ), (56)
which is the generalization of the D = 3 formula in eq. (45), where jDL is the hyperspherical
Bessel function of the first kind defined by
jDL (x) =
Γ(D−2
2
) 2
D−4
2
(D − 4)!! xD−22
JLD(x), (57)
with LD = L+
D−2
2
and the Bessel function of the first kind, JLD(x).
Using an expansion that
Ψn(R,QA) =
∑
[L],[K]
Ψn[L],[K](R,QA)Y[L](ΩR)Y[K](ΩQA), (58)
with eqs. (37) and (56), and performing dΩQ integral, we obtain
Ψn[L],[K](R,QA) = C(QA)
iL(2pi)D/2
(QAR)
D−2
2
[
JLD(QAR)δLK +
∫
dQ
JLD(QR)
Q2A −Q2 + iε
H[L],[K](Q,QA)
]
(59)
where
H[L],[K](Q,QA) =
m
pin3/2
C(Q)
C(QA)
QD/2Q
D/2−1
A T[L],[K](Q,QA). (60)
We now perform the Q integral, assuming that T[L],[K](Q,QA) does not have any poles on
the positive real axis at QA below inelastic thresholds. We consider n = 2k and n = 2k + 1
cases separately.
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1. n = 2k case
In this case,
JLD(x) = jLk(x)
√
2
pi
x1/2 (61)
where Lk = L + 3(k − 1) and jLk is the spherical Bessel function of the first kind. Using
eq. (48), the second term in eq. (59) can be evaluated as[8, 21]
∫
dQ
jLk(QR)
Q2A −Q2 + iε
√
2
pi
(QR)1/2H[L],[K](Q,QA)
≃ − [nLk(QAR) + ijLk(QAR)]
pi
2QA
√
2
pi
(QAR)
1/2H[L],[K](QA, QA)
= [NLD(QAR) + iJLD(QAR)]
∑
[N ]
U[L][N ](QA)e
iδ[N](QA) sin δ[N ](QA)U
†
[N ][K](QA) (62)
for R ≫ 1, where the unitarity constraint to T in eq. (40) is used to obtain the last line,
and JLD and NLD are Bessel functions of the first and second kinds, respectively.
2. n = 2k + 1 case
In this case, LD = L+ 3k − 1 is an integer, and for large R, JLD(x) becomes
JLD(x) ≃
√
2
pix
sin (x−∆L) , NLD(x) ≃
√
2
pix
cos (x−∆L) , ∆L = 2LD − 1
4
pi. (63)
Using this asymptotic behavior, the Q integral in eq. (59) can be performed, and we obtain
for R≫ 1
I ≡
∫
dQ
JLD(QR)
Q2A −Q2 + iε
H[L],[K](Q,QA)
≃ −
√
2
piQAR
[
piei(QAR−∆L)
2QA
H[L],[K](QA, QA) +O
(
R(3−D)/2
)]
(64)
≃ [NLD(QAR) + iJLD(QAR)]
∑
[N ]
U[L][N ](QA)e
iδ[N](QA) sin δ[N ](QA)U
†
[N ][K](QA), (65)
where, in the last line, the O(1/R) contribution is neglected for large R and the unitarity
condition for T in eq. (40) is used, and ei(QAR−∆D) is replaced by the asymptotic behaviors
of Jn and Hn. The detailed calculation of the Q integral is given in Appendix B.
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C. Asymptotic behavior
For both n = 2k and n = 2k + 1, we finally obtain
Ψn[L],[K](R,QA) ≃ CiL
(2pi)D/2
(QAR)
D−2
2
∑
[N ]
U[L][N ](QA)e
iδ[N](QA)U †[N ][K](QA)
×
[
JLD(QAR) cos δ[N ](QA) +NLD(QAR) sin δ[N ](QA)
]
(66)
≃ CiL (2pi)
D/2
(QAR)
D−1
2
∑
[N ]
U[L][N ](QA)e
iδ[N](QA)U †[N ][K](QA)
×
√
2
pi
sin
(
QAR −∆L + δ[N ](QA)
)
(67)
for R ≫ 1, which agrees with eq. (51) at n = 2. Eq. (67) is the main result of this paper,
which tells us that the NBS wave function of n-particles for large R can be considered as the
generalized scattering wave of n particles, whose generalized scattering phase shift δ[N ](QA)
is nothing but the phase of the S-matrix in QCD, determined in eq. (40) by the unitarity.
V. CONCLUSION AND DISCUSSION
In this paper, we have investigated the asymptotic behaviors of the NBS wave functions
at large separations for n complex scalar fields. We have first solved the unitarity constraint
of the S-matrix for n ≥ 3, using the D = 3(n − 1) coordinate space and employing the
hyper-spherical harmonic function, together with the non-relativistic approximation for the
energy. The results are summarized in eqs. (39) and (40). We then have calculated the
asymptotic behaviors of the NBS wave functions at large separations for n ≥ 3, using again
the hyper-spherical harmonic function, which is found to be quite useful for this purpose. We
finally obtain eq. (67), which is the main result in this paper. In appendix C, we generalize
our results to the coupled channels, where the particle mixing occurs during the scattering.
Using the results in this paper, we can generalize the HAL QCD method to hadron in-
teractions for the n-particle system with n ≥ 3. This give a firm theoretical background to
the extraction of interactions among many hadrons by the HAL QCD method, in partic-
ular, the three nucleon force[23, 24], together with an extension to systems with spin 1/2
particles, which is a straightforward but much more complicated task in future. Moreover,
combining it with the results in our previous paper[38], which shows that non-local but
energy independent potentials can be constructed from the NBS wave functions above the
14
inelastic threshold, the HAL QCD method can be extended to hadronic interactions above
the inelastic threshold energy, where particle productions such as NN → NNpi can occur.
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Appendix A: Contribution from vacuum
In this appendix, we show eq. (16). Assuming each flavor is conserved, 0〈γ| which con-
tributes in eq. (16) is a sum of the following form.
0〈Ik| = 0〈0|
∏
i∈Ik
ai(k
A
i )bi(k
B
i ) (A1)
with
∑
i∈Ik(k
A
i + k
B
i ) = 0, where k ≤ n and Ik = {i1, i2, · · · , ik} with 1 ≤ i1 < i2 < · · · <
ik ≤ n. Note that the operator aibi creates a particle-antiparticle pair with flavor i. Using
this notation, we have
in〈0|ϕn([x], 0)|[k]n〉0 = 0〈0|ϕn([x], 0)|[k]n〉0 +
n∑
k=1
∑
Ik
∏
i∈Ik
∫
d3kAi d
3kBi
× δ(3)

∑
i∈Ik
(kAi + k
B
i )

 T †0Ik
E0 − EIk + iε 0
〈Ik|ϕn([x], 0)|[k]n〉0, (A2)
where E0 = 0 for the vacuum.
Using
(2pi)3n/20〈Ik|ϕn([x], 0)|[k]n〉0 =
∏
i∈Ik
e−ik
B
i xi√
2EkB
i
δ(3)(ki − kAi )
∏
j∈I¯k
eikjxj√
2Ekj
, (A3)
where I¯k ∪ Ik = {1, 2, 3, · · · , n} and I¯k ∩ Ik = φ, the second term in eq. (A2) becomes
Cn
n∑
k=1
∑
Ik
∏
i∈Ik
∫
d3kBi√
2EkB
i
e−ik
B
i xiδ(3)

∑
i∈Ik
(ki + k
B
i )

 ∏
j∈I¯k
eikjxj√
2Ekj
× T
†
0;Ik
(0; [k,kB])
E0 − E[k,kB ]
, (A4)
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where Cn = (2pi)
− 3n
2 , E[k,kB ] =
∑
i∈Ik
(√
k2i +m
2 +
√
(kBi )
2 +m2
)
, T †0;Ik(0; [k,k
B]) is the off-
shell T-matrix from vacuum to 2k particles, and [k,kB] = {ki1 ,kBi1,ki2 ,kBi2, · · · ,kik ,kBik}.
We first show that terms at k ≥ 2 in eq. (A4) do not contribute at large distances. After
kBik integral, the factor in the first exponential is written as −i
∑
i∈Ik−1
kBi (xi−xik)+i
∑
i∈Ik
kixik ,
where Ik−1 = {i1, i2, · · · , ik−1}. Since Ik−1 6= φ for k ≥ 2, we pefrom the kBi1 integral in
eq. (A4). Using the same method which leads to eq. (48) from eq. (44) and noticing the fact
that there is no real poles for the kBi1 integral in eq. (A4), it is clear that the contribution is
suppressed exponentially in large |xi1−xik |. This means that terms at k = 1 only contribute
in eq. (A4) and other terms at k ≥ 2 are suppressed asymptotically at large distances.
The term at k = 1 is easily evaluated as
Cn
n∏
j=1
eikjxj√
2Ekj
n∑
i=1
T †0;i−i(0;ki,−ki)
−2
√
k2i +m
2
, (A5)
where T0;i,−i is the off-shell T-matrix from vacuum to a pair of particle-anttiparticle with
the flavor i.
We then finally obtain
in〈0|ϕn([x], 0)|[k]n〉0 ≃ 1
Z([k]n)
0〈0|ϕn([x], 0)|[k]n〉0 (A6)
with
1
Z([k]n)
= 1 +
n∑
i=1
T †0;i−i(0;ki,−ki)
−2
√
k2i +m
2
, (A7)
which proves eq. (16) with Zα = Z([k]n).
Appendix B: Q integrals
In this appendix, we evaluate the Q integral in the following form
I =
∫ ∞
0
dQ
JLD(QR)
Q2A −Q2 + iε
H[L],[K](Q,QA), (B1)
for large R, assuming that H[L],[K](Q,QA) have no poles in the real axis at Q ≥ 0. Using
the asymptotic form of JLD(x) at large R given in eq. (63), we write
I ≃
√
2
piR
1
2i
(I+ − I−), R→∞ (B2)
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FIG. 1: Closes paths C and C ′ in the complex Q plain.
where
I± =
∫ ∞
0
e±i(QR−∆L)
Q2A −Q2 + iε
f(Q), f(Q) ≡
√
1
Q
H[L],[K](Q,QA). (B3)
We evaluate I+ and I− separately. For I+, we consider an integration in the complex Q
plane on a closed path C = [0,∞]⊕ Cθ ⊕ i[∞, 0] in Fig. 1, which leads to
I+ + I1 + I2 =
∫
C
ei(QR−∆L)
Q2A −Q2 + iε
f(Q) = − pii
QA
ei(QAR−∆L)f(QA) +O(e
−cR), (B4)
where
I1 ≡ lim
q→∞
∫ pi/2
0
qeiθidθ
ei(QR−∆L)
Q2A −Q2 + iε
f(Q)
∣∣∣∣∣
Q=qeiθ
, (B5)
I2 ≡
∫ i0
i∞
dQ
ei(QR−∆L)
Q2A −Q2 + iε
f(Q) = −
∫ ∞
0
idq
e−qR−i∆L
Q2A + q
2 + iε
f(iq), (B6)
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and the term O(e−cR) with c > 0 represents the contributions from complex poles inside C.
It is easy to show that I1 vanishes as
|I1| ≤ lim
q→∞
q
(q2 −Q2A)
max
0≤θ≤pi/2
∣∣∣f(qeiθ)∣∣∣︸ ︷︷ ︸
≡F (q)
∫ pi/2
0
dθe−qR sin θ ≤ lim
q→∞
F (q)
∫ pi/2
0
dθe−2qRθ/pi
= lim
q→∞
F (q)
pi
2qR
(1− e−qR)→ 0, (B7)
where we assume that max
0≤θ≤pi/2
∣∣∣f(qeiθ)∣∣∣ does not grow as fast as q2 in the large q2 limit.
Similarly, we estimate
|I2| ≤
∫ ∞
0
dq
e−qR
Q2A + q
2
|f(iq)| ≤ 1
Q2A
max
0<q
|f(iq)|
∫ ∞
0
dq e−qR =
1
Q2A
max
0<q
|f(iq)| 1
R
(B8)
for QA 6= 0, which vanishes 1/R for large R as long as max
0<q
|f(iq)| < ∞. If some poles
happen to exist on the positive imaginary axis, we can modify the path a little to avoid
poles, so that the above estimate still holds. We indeed have a more stronger bound of |I2|
for all QA including QA = 0 as shown below at n ≥ 3. (At n = 2, we can evaluate I by the
different method. ) Since we can write f(Q) = Q(D−1)/2g(Q) with |g(0)| <∞ from eqs. (60)
and (B3), we have
|I2| ≤ max
0<q
|g(iq)|
∫ ∞
0
dq q(D−5)/2e−qR = max
0<q
|g(iq)|R(3−D)/2
∫ ∞
0
dt t(D−5)/2e−t, (B9)
which vanishes as R(3−D)/2 for large R at n ≥ 3 ( D ≥ 6 ), as long as max
0<q
|g(iq)| < ∞.
(Again we can modify the path if poles exits on the positive imaginary axis.) Altogether we
obtain
I+ ≃ − pii
QA
ei(QAR−∆L)f(QA) +O(R
(3−D)/2). (B10)
For I−, we take another closed path C
′ = [0,∞]⊕C ′θ⊕ i[−∞, 0] in Fig. 1. Since poles at
Q = ±(QA + iε) are not contained in this closed path, we have
I+ + I
′
1 + I
′
2 =
∫
C′
e−i(QR−∆L)
Q2A −Q2 + iε
f(Q) = O(e−c
′R) (B11)
with c′ > 0, where
I ′1 ≡ limq→∞
∫ −pi/2
0
qeiθidθ
e−i(QR−∆L)
Q2A −Q2 + iε
f(Q)
∣∣∣∣∣
Q=qeiθ
, (B12)
I ′2 ≡
∫ −i0
−i∞
dQ
e−i(QR−∆L)
Q2A −Q2 + iε
f(Q) =
∫ ∞
0
idq
e−qR+i∆L
Q2A + q
2 + iε
f(−iq). (B13)
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As in the case before, it is easy to show that
|I ′1| = 0, |I ′2| = O(R(3−D)/2), (B14)
which leads to I− = O(R
(3−D)/2).
Combining these, we finally obtain
I = −
√
2
piQAR
[
piei(QAR−∆L)
2QA
H[L],[K](QA, QA) +O(R
(3−D)/2)
]
, (B15)
which proves eq. (64 ).
Appendix C: Coupled channel cases
In this appendix, we extend our investigation to the case where l → n scatterings with
l 6= n can occur.
1. Unitarity constraint to T -matrix
The unitarity relation to T -matrix in eq. (26) can be generalized to
T †(Qn,Ql) − T (Qn,Ql) =
∑
k
i
k3/2
∫
dQk δ(EQn −EQk)
× T †(Qn,Qk)T (Qk,Ql) (C1)
for general n, l, where the energy conservation that EQn = EQl is always satisfied.
As in the case of the single channel, we expand T in term of the hyper-spherical harmonic
function as
T (Qn,Ql) =
∑
[Nn],[Ll]
T[Nn],[Ll](Qn, Ql)Y[Nn](ΩQn)Y[Ll](ΩQl), (C2)
where Q2n−Q2l = 2m2(l−n) in the non-relativistic approximation. Putting this into eq. (C1),
we have
T †[Nn],[Ll](Qn, Ql)− T[Nn],[Ll](Qn, Ql) =
∑
k,[Kk]
i
mQDk−2k
k3/2
T †[Nn],[Kk](Qn, Qk)T[Kk],[Ll](Qk, Ql)
(C3)
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where Dk = 3(k − 1) and Q2n −Q2k = 2m2(k − n). Defining and diagonalizing Tˆ as
Tˆ[Nn],[Ll](Qn, Ql) ≡
QDn/2−1n
n3/4
T[Nn],[Ll](Qn, Ql)
Q
Dl/2−1
l
l3/4
=
∑
k,[Kk]
U[Nn],[Kk](Qk)Tˆ[Kk](Qk)U
†
[Kk],[Ll]
(Qk), (C4)
where Q2n −Q2k = 2m2(k − n), eq. (C3) leads to
Tˆ[Kk](Qk) = −
2
m
eiδ[Kk](Qk) sin δ[Kk](Qk). (C5)
This gives us the final result,
T[Nn],[Ll](Qn, Ql) = −
2n3/4l3/4
mQ
Dn/2−1
n Q
Dl/2−1
l
∑
k,[Kk]
U[Nn],[Kk](Qk)e
iδ[Kk](Qk) sin δ[Kk](Qk)
× U †[Kk],[Ll](Qk), (C6)
which reproduces eq. (40) for the single channel at n = l = k.
2. Asymptotic behavior of the NBS wave function
For the coupled channel, the NBS wave function corresponding to eq. (55) in the non-
relativistic approximation becomes
Ψnl(Rn,Ql) = Cn
[
δnl e
iQl·Rn +
2m
2pin3/2
∫
dP n
eiP n·RnT (P n,Ql)
Q2l − P 2n + 2m2(l − n) + iε
]
, (C7)
where Cn = ((2pi)
32m)−n/2. (We here omit irrelevant
Q2n
m
contributions.) Expanding the
NBS wave function in terms of the hyper-spherical function as
Ψnl(Rn,Ql) =
∑
[Nn],[Ll]
Ψ[Nn],[Ll](Rn, Ql)Y[Nn](ΩRn)Y[Ll](ΩQl), (C8)
together with Eq. (56), we have
Ψ[Nn],[Ll](Rn, Ql) = Cni
Nn
(2pi)Dn/2
(QnRn)Dn/2−1
[
JN˜n(QnRn)δnlδ[Nn],[Ll]
+
∫
dPn
JN˜n(PnRn)
Q2l − P 2n + 2m2(l − n) + iε
H[Nn],[Ll](Pn, Ql)
]
(C9)
where N˜n = Nn + (3n− 5)/2 and
H[Nn],[Ll](Pn, Ql) =
m
pin3/2
PDn/2n Q
Dn/2−1
n T[Nn],[Ll](Pn, Ql). (C10)
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As before, after Pn integral, the second term in eq. (C9) for large Rn is given by
≃
[
HN˜n(QnRn) + iJN˜n(QnRn)
] ( l
n
)3/4
QDn/2−1n
Q
Dl/2−1
l
× ∑
k,[Kk]
U[Nn],[Kk](Qk)e
iδ[Kk ](Qk) sin δ[Kk](Qk)U
†
[Kk],[Ll]
(Qk), (C11)
where Q2n = Q
2
l + 2m
2(l − n) and Q2k = Q2l + 2m2(l − k). We therefore finally obtain
Ψ[Nn],[Ll](Rn, Ql) ≃ CniNn
(2pi)Dn/2
(QnRn)Dn/2−1
(
l
n
)3/4
QDn/2−1n
Q
Dl/2−1
l
∑
k,[Kk]
U[Nn],[Kk](Qk)e
iδ[Kk ](Qk)
×
[
JN˜n(QnRn) cos δ[Kk](Qk) +HN˜n(QnRn) sin δ[Kk](Qk)
]
U †[Kk],[Ll](Qk)
≃ CniNn (2pi)
Dn/2
(QnRn)Dn/2
(
l
n
)3/4
QDn/2−1n
Q
Dl/2−1
l
∑
k,[Kk]
U[Nn],[Kk](Qk)e
iδ[Kk](Qk)
×
√
2
pi
sin(QnRn −∆Nn + δ[Kk](Qk)) U †[Kk],[Ll](Qk) (C12)
where ∆Nn = (2N˜n − 1)pi/4, which correctly reproduces eq. (67) in the single channel case
at n = l = k.
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